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Abstract

To achieve e¢ ciency in decision-making, an agent should use coarse criteria with a small number

of categories to discriminate among alternatives. Coarse criteria reduce decision-making cost

even though an agent, to maintain the number of choice distinctions, must use more criteria.

The most e¢ cient criteria are binary with two categories each, even in cases where the marginal

cost of using additional categories diminishes to 0. That coarse criteria are used in practice

can therefore be explained as a result of optimization rather than cognitive limitations. Binary

criteria also generate choice functions that maximize rational preferences, thus linking e¢ ciency

to rational choice. The e¢ ciency-of-binary-criteria principle applies to information storage:

binary digits store information more e¢ ciently than k-ary digits for any k > 2.
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1 Introduction

In the psychology implicit in traditional preference theory, agents consider each pair of alternatives,

gauge their reaction, and come to a preference judgment. If each pair of alternatives needs a

separate costly judgment, a preference relation would be expensive to produce: a preference over

n alternatives would require
�
n
2

�
= n(n�1)

2 judgments, a number that grows quickly as a function of

n.1

This paper proposes a solution to this problem where agents make choices by consulting criteria

that order categories of alternatives in various ways. To choose from a set of movies, for example,

an agent could consult a �rst criterion that classi�es and orders movies by genre (drama, comedy,

documentary, all others), a second that classi�es by type of director (commercial, arty, all others),

a third by actor quality (famous, not famous), and so forth. Although we will not assume that

criterion rankings or an agent�s choices are rationally ordered, it turns out that if agents choose

criteria e¢ ciently then their choices will maximize a rational preference.

Sets of criteria enjoy the advantage that each criterion can discriminate within each set of

alternatives that other criteria fail to rank, e.g., an actor criterion can distinguish among the

movies of a particular genre and director type. Consequently the number of choice distinctions

that criteria can generate equals the product of the number of criterion categories. If an agent uses

a genre criterion with 4 categories, a director criterion with 3 categories, and an actor criterion

with 2 categories, with decisions made by a weighted vote of the three criteria, then the agent will

make 4 � 3 � 2 = 24 distinctions among types of movies. But the number of pairs of categories

that need to be ranked,
�
4
2

�
+
�
3
2

�
+
�
2
2

�
= 10, is small. If in contrast an agent had to compare each

pair of 24 types of movies without the aid of criteria,
�
24
2

�
= 276 decisions would be required.

What sort of criteria should an agent use? If an agent�s �true�preferences could be inferred

from a long list of �ne criteria, then the agent would be better o¤ when more of these criterion

orderings are uncovered: the agent will be able to choose superior alternatives from more choice

sets. But criterion rankings, like direct preference judgments, are costly to form or discover; they

require time and mental attention. While an agent could undertake enough research to make a

director criterion a �ne discriminator �by reading reviews, checking whose movies show at Cannes,

etc. �the bene�ts must be weighed against the cost of the research. In line with Herbert Simon�s

theories of bounded rationality, agents do not and should not try to extract all of the rankings that

a criterion could in principle make.

1Even rational preferences require a number of judgments, n log2 n, that increases at a rate greater than n. While

the cost of constructing a preference or choice function is distinct from the complexity of representing one, Apesteguia

and Ballester (2010) provides consonant results.



Since increases in the number of preference or choice distinctions and reductions in decision-

making cost are unambiguous bene�ts, an e¢ cient arrangement consists of a set of criteria and

corresponding choice function that are undominated with respect to these two goals. The �rst goal

requires a new concept �choice classes �to measure the number of choice distinctions.

The preference-discovery problem seems to present a trade-o¤: �ne criteria that make many

rankings are more costly per-criterion but ��xing the number of choice distinctions �they allow

the agent to employ fewer criteria. Should the agent use a small list of �ne orderings or a large

list of coarse orderings?

The answer will be that the trade-o¤ should always be resolved in favor of coarse criteria, even

when agents aim for a large number of choice distinctions. Optimality is therefore reached in

the �coarseness limit�where agents deploy only binary criteria, which partition alternatives into

two categories. This result holds even if the marginal decision-making cost of using a category

diminishes to 0: the additional categories of �ne criteria could become asymptotically free and still

it would be optimal to use the expensive categories of coarse criteria. To test the robustness of this

conclusion, the paper�s main result, I consider an alternative model where criteria vary in value and

cost that covers the evaluations of criteria that utility maximizers would make. While optimality

then does not require criteria to be binary, they must still be coarse. Even a high-value criterion

with a marginal cost of categories that descends to 0 should not become too �ne: it would be more

e¢ cient to use many low-value coarse criteria despite the greater marginal cost of categories that

an agent would have to pay. And if we tilt the playing �eld by letting �ne criteria have greater

value than they would enjoy under utility maximization, the optimal criteria remain coarse.

The e¢ ciency advantage of coarse criteria applies to seemingly distant questions including �how

many states or digits should obtain in information storage devices in order to store information

e¢ ciently?� I will show that, even when the marginal cost of using larger digits in a memory device

converges to 0, the coarsest option �binary digits or bits � o¤ers the cheapest storage method.

Bits of course are what are used in practice.

In the preference setting, the e¢ ciency of coarse criteria matches the psychological �nding that

people can readily manipulate only a small number of categories. Agents may �nd that even four

categories, which requires six category comparisons, are unwieldy. Rather than an unfortunate

limitation, this feature of human information-processing may be an outgrowth of optimization.

Since our inability to handle more than a few categories forces us into e¢ ciency, it may not have

been vital to develop a capacity to manipulate many categories at once. More broadly, I hope to

show that optimization in choice theory does not have to taken preferences as given; it applies to

preference discovery as well.
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Binary criteria lead to rational choices when criteria are aggregated in standard ways. For

example, if an agent proceeds through binary criteria lexicographically2 then the choice function

that results maximizes a rational preference, as shown in Mandler et al. (2012). What these

authors failed to understand is that the link between binary criteria and rational choice holds for

a wide range of criterion-based choice procedures. I show here that a rational choice function

will arise whenever criteria are binary and decisions satisfy axioms that model and generalize a

weighted vote of criteria.3

Since criterion-based choice is a version of multicriterion decision-making,4 our results o¤er a

reply to Arrow and Raynaud�s (1986) concern that aggregating criteria with ordinal voting rules

will lead to irrational decisions. Multicriterion decision-making takes criteria to be exogenous, but

if criteria are chosen to minimize decision-making cost then the problem of irrationality becomes

less serious.

Coarser is better To illustrate the �coarser is better�principle, suppose the number of choice

distinctions �choice classes in our terminology �that an agent makes equals the product of the

number of categories in the criteria deployed (which, as in the movie example, is the maximum

number of choice classes that can be generated given the number of categories in each criterion).

Suppose the jth of a set of N criteria uses ej > 2 categories and we replace it with a criterion that

uses ej�1 categories. If the number of categories in the other criteria remains unchanged, then, to
avoid a drop in the number of choice classes, the agent must deploy an additional criterion. If the

added criterion uses the minimum nontrivial number of categories, eN+1 = 2, then the di¤erence

between the number of choice classes created by the new set of criteria and the original set is0@Y
i6=j
ei

1A (ej � 1) 2�
0@Y
i6=j
ei

1A ej =
0@Y
i6=j
ei

1A (ej � 2) > 0.
So the new set of criteria produces more choice distinctions than the original set.

What is the cost of the new, coarser set of criteria? Assuming that the �rst category of a

criterion is costless (a single category requires no decisions and makes no choice distinctions), the

total number of costly categories used in the two sets of criteria is the same. So if the marginal

cost of using additional categories in a criterion is increasing, the shift to the coarser set of criteria

strictly lessens costs.

2That is, the agent consults the criteria in sequence and at each stage eliminates from consideration any alternative

that is defeated by some alternative still in contention.
3The rationality of choice that holds when binary criteria are lexicographically aggregated is in fact a special case

of the general rationality result for weighted voting.
4See Figueira et al. (2005) and Bouyssou et al. (2006) for overviews.
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Coarser criteria thus deliver two distinct bene�ts: they increase the number of choice distinctions

and reduce costs. The bene�ts of binary criteria �the coarsest possible �persist even when the

marginal cost of using additional categories is diminishing.

The binariness-rationality connection The Condorcet paradox provides a familiar example of

how even rational criteria can lead to irrational choices. Let there be three alternatives x; y; z and

three criteria C1; C2; C2 de�ned as follows (with higher alternatives better than lower):

C1 C2 C3

x y z

y z x

z x y

.

If the choice function c decides by a simple majority vote of the criteria, then choices will cycle on

the pairs �c(fx; zg) = fzg, c(fy; zg) = fyg, c(fx; yg) = fxg �and therefore cannot be rationalized.
Now suppose instead that criteria are binary: each criterion ranks two of the alternatives above the

remaining option, or ranks one alternative above the other two. Given a set of binary criteria and

a choice set of alternatives, the option that lies in the greatest number of top categories will defeat

any other alternative in a majority vote. Moreover, since the ordering that ranks each alternative a

by the number of criteria that place a in the top category is complete and transitive, choices based

on majority vote will maximize a rational preference.5 I will generalize considerably in section 5.

The psychology of categorization The �coarser is better�conclusion connects to the psycho-

logical literature on information processing, which �nds that the number of categories that people

can retain in working memory is quite small. In our setting, an agent who deploys a criterion

has to hold in mind the category comparisons that the criterion requires. Miller (1956) famously

concluded that the number of �chunks�that an agent can hold in mind is roughly seven and since

Miller the number has been steadily whittled down. Herbert Simon (1974) argued that �ve is more

accurate. A binary comparison of categories quali�es as an object-�le in the model of Kahneman

et al. (1992), and Treisman (2006) judges that subjects can hold only three or four object-�les

in memory. An encyclopedic overview of the evidence, Cowan (2000), concludes that the �magic

number�that bounds working memory is four.6 Since, for a criterion with e categories, the number

of pairwise category comparisons is e(e�1)2 , a bound of four on the number of binary comparisons

would give a bound of three on e. The psychological literature therefore suggests that a criterion

5This result, but not the generalizations in section 5, arises in the voting literature on dichotomous preferences.

See Inada (1964), Vorsatz (2007), Ju (2011), and Maniquet and Mongin (2015)).
6See Luck and Vogel (1997) for a characteristic example of the research surveyed.
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that needs to be manipulated in working memory could have at most three or four categories. Con-

sider the movie example: if an agent wants to choose a movie with a genre criterion that divides

movies into 5 categories then he or she would have to keep 10 category comparisons in mind, which

indeed seems unwieldy.

Unlike the psychological literature, I will stress the e¢ ciency advantage of coarse criteria. Since

decision-making becomes more e¢ cient as the number of categories per criterion shrinks, the cog-

nitive constraints that limit the number of categories in decision-making might be the outcome of

optimization or adaptation. The binary criteria that use two categories are especially prevalent in

everyday decision-making, and their e¢ ciency may help to explain this fact. Our results also give

formal support to Gigerenzer et al.�s (1999) view on the superiority of frugal heuristics.

Related literature My emphasis on the absence of known ex ante preferences and the costs

of decision-making owes a great debt to Herbert Simon (e.g., Simon (1972)). But one conclusion

o¤ered here diverges from the Simon program: paying attention to decision-making cost leads agents

to rationality. This message complements Mandler (2015), which argues that if agents proceed

lexicographically through criteria then only rational preferences can always be the outcome of a

�quick�sequence of criteria no matter how the numbers of categories in criteria are �xed. Agents in

this paper choose their own categorization levels to minimize decision-making cost (and lexicography

is dropped) and again rationality enjoys an e¢ ciency advantage. Despite the common conclusion,

the arguments used have no overlap.

Choice functions generated from a set of criteria have been extensively researched. See

Apesteguia and Ballester (2010, 2013) (AB), Houy and Tadenuma (2009), Mandler et al. (2012),

Mandler (2015), and Manzini and Mariotti (2007, 2012). The emphasis in AB (2010) on the cost of

rational choice relates the most closely to the present paper. Some of the above work has a prece-

dent in the lexicographic utility theory of Chipman (1960, 1971) and Fishburn (1974). Tversky

and Simonson (1993) and Salant (2009) also link e¢ ciency to rational decision-making.

2 Choice via criteria

We set a domain of alternatives X with at least two elements. A criterion Ci is an asymmetric

binary relation on X. Each criterion that an agent uses can be �irrational�, i.e., fail to be negatively

transitive. A set of criteria, denoted C = fC1; :::; CNg, must have �nitely many (typically N)
criteria. Criterion indices do not indicate the order in which criteria are consulted.

To consider the e¢ ciency of decisions based on criteria, we need measurement units for both

criteria and choices. Beginning with criteria, we de�ne a criterion�s categories or equivalence classes
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to be the mutually exclusive subsets of X that Ci orders.

De�nition 1 The equivalence relation Ii of a criterion Ci is de�ned by

x Ii y , fz 2 X : z Ci xg = fz 2 X : z Ci yg and fz 2 X : xCi zg = fz 2 X : y Ci zg,

and a Ci-category is a maximal E � X such that, for all x; y 2 E, x Ii y.7

Alternatives x and y are Ci-equivalent if they are treated as indistinguishable by Ci: the Ci rela-

tionship between x and any z must coincide with the Ci relationship between y and z.

A criterion will typically divide X into fewer categories than the number of indi¤erence classes

of a preference (or the number of choice classes of a choice function). For a variation on the movie

example, X could be a set of vacation destinations described by a list of attributes �e.g., climate,

amenities available �with each attribute ordered by a criterion. Criteria can be �incomplete�as

well as intransitive: a Ci might not rank every pair of Ci-categories. Since counts of the number

of categories in an incomplete binary relation can be controversial, readers may want to assume

that each Ci ranks every pair of its categories; no changes in the paper would be introduced.

Nonrational choice functions can arise even when each criterion is complete and transitive as well,

as in the Condorcet example in the introduction.

Although the categories of a Ci and its rankings are formally intertwined, an agent would

presumably begin by describing an attribute of X, for example, the climate of vacation destinations.

The agent at this stage decides whether to do the research needed to distinguish between hot and

sweltering, and between liable to rain and liable to pour, and so forth. The agent then orders these

categories pair by pair. Outside of section 4.3, we will not require explicitly that each Ci orders a

distinct attribute and that X equals a product of attributes, but each use of criteria in the paper

is consistent with these assumptions.

We will use ei or e(Ci) to denote the number of categories in a criterion Ci and consider Ci to

be coarser than Cj if ei < ej . As the formation of categories is costly, we require that each ei is

�nite. Since criteria with a single category require no decisions and distinguish between no pair of

alternatives, it is natural to assume they are costless.

Turning to the choices that criteria can generate, let c be a choice function de�ned on a family

F of choice sets (subsets of X) that includes all the two-element sets: for every A 2 F , c(A) is a
nonempty subset of A. We use x 2 c(A) to mean both that x is in c(A) and that A 2 F . The

7Equivalently, a nonempty E � X is a Ci-category if, for all x 2 E, x Ii y , y 2 E. When Ci is transitive, see

Fishburn (1970) and Mandler (2009) for discussions of Ii.

6



choice classes of c are de�ned comparably to the equivalence classes of criteria: two alternatives

are in the same choice class if c treats them as interchangeable in every sense.8

De�nition 2 Given a choice function c, alternatives x and y are elements of the same choice

class if and only if for all A � X,
(i) if fx; yg � A then x 2 c(A), y 2 c(A),
(ii) if fx; yg does not intersect A then

x 2 c(A [ fxg) , y 2 c(A [ fyg),

z 2 c(A [ fxg) , z 2 c(A [ fyg), for all z 2 A.

So x and y are in the same choice class if (i) when x is chosen and y is available then y is chosen

too and (ii) when x is substituted for y then x is chosen if y was chosen previously with no e¤ect on

whatever other alternatives are chosen. When choices are determined by preferences, each choice

class will be an indi¤erence class. The important consequence of De�nition 2 is that the choice

classes form a partition of X (proved in the Appendix).

When a choice function is determined by criteria, selections must depend only on the distinctions

the criteria make. In particular, if a pair of alternatives x and y is in the same criterion category

for every Ci then the agent has no way to distinguish x and y and so the agent�s choice function

should deem x and y to be interchangeable, i.e., in the same choice class.

De�nition 3 A choice function c uses the set of criteria C, which we denote by (C; c), if
whenever x; y 2 X are contained in the same Ci-category for each Ci 2 C there is a choice class of
c that contains x and y.

In the movie example at the beginning of the paper, two movies that fall into the same genre,

director, and acting categories must be in the same choice class when choices use these criteria.

Example 1 The leading case of a choice function that uses a set of criteria compares alternatives

via a weighted vote of the criteria. Given a set of criteria C, for any pair x; y 2 X, set

si(x; y) =

8>><>>:
1

�1
0

if xCi y

if y Ci x

otherwise

,

and let the weight assigned to the criterion Ci equal !i. The sum of the weighted votes for alternative

x, when x 2 A, is given by v(x;A) �
P
y2A

P
i2f1;:::;Ng !isi(x; y). Then v(x;A) = v(y;A) if

8 I initially assumed that the concept of �choice class�must already exist in the literature but I have not been able

to �nd a precedent.
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x; y 2 A and x and y are contained in the same Ci-category for each Ci 2 C. Consequently the

choice function c de�ned by

x 2 c(A), (v(x;A) � v(y;A) for all y 2 A)

uses C. The majority vote of criteria in the introduction amounts to a special case of this c in

which all of the !i are equal; here some criteria can be more important than others by having larger

weights. �

The formal de�nition of weighted voting in section 5 will encompass Example 1 but general-

ize by remaining agnostic about what alternative is chosen when no alternative defeats all of its

competitors in A in pairwise weighted votes.

3 The optimization problem

We identify an agent�s �true�preferences with the ordering of the choice classes the agent could form

if he or she knew all of the possible distinctions among criterion categories. The agent will then

be better o¤ if he or she learns more criteria and categories: the agent can identify more of these

choice classes and thus make better decisions from more choice sets. For example, when facing

fx; yg it is only when some criterion distinguishes x and y that the agent can place the items in
di¤erent choice classes and choose the better option. Section 4.3.1 will link the goal of increasing

the number of choice classes to classical utility maximization.

Our agents also have the second goal of decreasing their decision-making cost.

Let �(Ci) denote the cost of criterion Ci. We assume throughout that, for any criterion Ci,

�(Ci) � 0. Until an explicit warning to the contrary in section 4.3, costs will be determined by

the number of Ci-categories: for all criteria Ci and bCi, e(Ci) = e( bCi)) �(Ci) = �( bCi). The cost
of a set of criteria C = fC1; :::; CNg, denoted �[C], is the sum

PN
i=1 �(Ci).

Given a choice function c, let n(c) be the number of choice classes in c. Remember that the

notation (C; c) means that c uses C.

De�nition 4 The pair (C; c) is more e¢ cient than the pair (C0; c0) if

n(c) � n(c0) and �[C] � �[C0],

and one of the above inequalities is strict. The set of criteria C is more e¢ cient than C0 if there
exists a c that uses C such that (C; c) is more e¢ cient than (C0; c0) for any c0 that uses C0. A set of
criteria C (resp. pair (C; c)) is e¢ cient if there does not exist a more e¢ cient C0 (resp. (C0; c0)).
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The advantage of criteria is that each criterion can discriminate within every set of alternatives

that the other criteria fail to rank, e.g., the genre criterion for movies will discriminate within each

director category. The number of choice distinctions can then equal the product of the number of

categories in the criteria (if that number does not outstrip the cardinality of X).

De�nition 5 The pair (C; c)maximally discriminates if the number of choice classes of c equals
min

hQN
i=1 e(Ci); jXj

i
.

Proposition 1 If (C; c) is e¢ cient then (C; c) maximally discriminates.9

If (C; c) is e¢ cient then n(c) � n(c0) must hold for any (C0; c0) that satis�es the constraints that
C0 has the same number of criteria as C and e(C 0i) = e(Ci) for all i (since then �[C0] = �[C]). To

see when n(c) reaches a maximum subject to these constraints, consider some (C; c) and the sets of
alternatives equal to an intersection of Ci-categories, one category per criterion. Since alternatives

in di¤erent choice classes must be distinguished by at least one criterion, the number of choice classes

cannot exceed the number of these intersections. The number of intersections is in turn bounded by

the product
QN
i=1 e(Ci) and criteria can always be chosen to reach this bound. Moreover the bound

is necessarily achieved when X is a product of attributes and each Ci orders a distinct attribute.

Our examples all enjoy this product feature. Recall that in the movie case, three criteria with 4,

3, and 2 categories can distinguish 24 = 4�3�2 types of movies: each type equals the intersection
of one genre category, one director category, and one actor category. Products of attributes in fact

form the prototype of all cases of maximal discrimination: when criteria maximally discriminate,

the alternatives can always redescribed as a product of attributes.10 A choice function does not

have to designate each intersection of Ci-categories to be a choice class �an agent might decide to

ignore a criterion that, say, categorizes foods by color when the agent cares only about taste �but

each intersection will form a distinct choice class when decisions are made generic weighted-voting

choice functions.

An e¢ cient (C; c) must maximally discriminate regardless of what assumptions are placed on
the cost of criteria. Costs do come into play in the determination of the optimal number of criteria

and their optimal coarseness, which we consider next.

9 Proofs omitted from the text are in the Appendix.
10 When some Ci does not order a distinct attribute or X is not a product of attributes, it is possible for the

number of intersections of Ci-categories to be strictly less than min
hQN

i=1 e(Ci); jXj
i
, for example, when two criteria

in C simply repeat each other.
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4 The optimality of coarse criteria

Under mild assumptions, it is always more e¢ cient to use coarser criteria that distinguish fewer

categories. Maximum e¢ ciency is therefore achieved by sets of criteria with just two categories

each, the minimum nontrivial number, and for this result the needed assumptions are milder still.

A criterion is binary if it has two categories.

The formation of a criterion requires an agent to partition X into categories and then order

these categories. Since criteria with a single category require neither partitioning nor ordering and

make no choice distinctions, we suppose for discussion purposes that they are free, and use this

assumption explicitly in section 4.4. Any expansion of the number of categories e beyond 1 would

incur both a partitioning and an ordering cost. While the former might be a linear function of the

number of categories, ordering will require an agent to decide, for any pair of categories, if they

are ranked and if so which is superior. If e is the number of categories, the number of pairs equals�
e
2

�
= e(e�1)

2 , a strictly convex function of e. So there is a strong case that the marginal cost of

categories will be strictly increasing in e.

Since costs (until section 4.3) are determined by the number of categories in a criterion, we

sometimes write costs as �(e), de�ned to equal �(Ci) for any Ci such that e(Ci) = e.

Increasing the number of categories e in a criterion seems to present a trade-o¤. While the

a¤ected criteria become more expensive to form, the creation of a given number of choice classes

requires fewer criteria. Under mild assumptions, the �rst e¤ect dominates the second: the cost of

a larger e outweighs the advantage of using fewer criteria.

Example 2 To illustrate, consider choice functions with 9 choice classes. The minimal set of

binary criteria that could lead to such a choice function must contain 4 criteria: the maximum

number of choice classes that N binary criteria can generate is 2N (see Proposition 1) and the

minimum integer N such that 2N is greater than or equal to 9 is 4, i.e., dlog2 9e = 4. The cost of
using four binary criteria is therefore 4�(2). Ternary criteria with 3 categories each would seem

to be a better �t with 9 choice classes given that 9 is an exact multiple of 3. Generating a choice

function with 9 choice classes requires 2 ternary criteria, which have a cost of 2�(3). But assuming

that the �rst category of a criterion is costless, the binary and ternary sets each employ the same

number of costly categories, 4. So if marginal costs are increasing, the binary set must be strictly

cheaper. Formally, if marginal costs are increasing then �(3) � �(2) > �(2) � �(1) = �(2) and

hence 2�(3) > 4�(2). With constant marginal costs, the costs of the binary and ternary sets would

tie but the binary set can generate an additional 7 = 24 � 9 choice classes. Binary criteria thus

enjoy both a cost and a number-of-choice-classes advantage over ternary criteria.
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Both the binary and the ternary sets of criteria above employ markedly fewer categories than

the 9 categories that a single criterion (in e¤ect, a preference relation) would have to use to generate

a choice function with 9 choice classes. Building choice distinctions from a nontrivial set of criteria,

even when the set is not the most e¢ cient possible, requires much less decision-making e¤ort than

making a separate decision for each pair of choice classes. �

While Example 2 suggests that the advantage of binary criteria relies on the marginal costs

of categories being at least weakly increasing, the optimality of binary criteria holds even when

marginal costs are decreasing.

Let X denote a set of domains, with each X 2 X associated with its own family of choice sets.

We say that C has a domain in X if there is a X 2 X such that each Ci in C is a binary relation
on X.

Theorem 1 Suppose that the set of domains X contains a X with m alternatives for all m > 1.

The following two statements are then equivalent:

� for any C that is e¢ cient and has a domain in X , C contains only binary criteria,

� �(e) > �(2) dlog2 ee for all integers e > 2.

The log cost condition is very weak: the marginal cost of additional categories can fall as e increases

and even fall to 0 (as quickly as the derivative of any increasing power function falls to 0 but not

quicker than 1
e ). For the reasoning behind half of Theorem 1, assume the second statement is

satis�ed: costs will then fall if any criterion Cj with e > 2 categories is replaced by dlog2 ee binary
criteria and, since 2dlog2 ee � e, the binary criteria will contribute at least as much to the product
of the ei as Cj did.11

Since our earlier arguments that the marginal cost of criterion categories should be increasing

remain sound, Theorem 1 indicates that binary criteria will easily defeat �ner criteria and that

their optimality will withstand adjustments to our conceptual framework, if not too dramatic. For

11A violation of the inequality in Theorem 1, �(e) � �(2) dlog2 ee for some e > 2, does not imply that dlog2 ee
binary criteria could be replaced by a single e-ary criterion without loss of e¢ ciency. For instance, following Example

2, if �(3) = �(2) dlog2 3e = 2�(2) there will be an e¢ ciency gain to using two binary criterion rather than a single

ternary criterion as long as n(c) < jXj when the ternary criterion is used (since 22 > 3 and hence
QN
i=1 ei will be

greater with the binary pair). A natural way to ensure that n(c) < jXj holds is to suppose that X is in�nite, in

which case the e¢ cient sets of criteria are necessarily binary if and only if, for all integers e > 2,

�(e) > �(2) log2 e and �(e) � �(2) dlog2 ee .

This condition allows marginal costs to be constant from e = 1 to e = 3 and to be decreasing afterwards.
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example, if a small discovery cost has to be paid whenever a new criterion is adopted it will remain

optimal to use only binary criteria.

We turn to four applications and extensions of Theorem 1.

4.1 The costs of �ne criteria and direct preference construction

When marginal category costs are increasing, Theorem 1 implies that the penalty for using �ne

criteria is sizable. If each criterion is constrained to have e categories, the minimum cost of a set

of criteria that generates a choice function with n choice classes is dloge ne�(e) (since dloge ne is
the minimum integer r such that er � n). For approximation purposes, we ignore the di¤erence

between dloge ne and loge n. The ratio of the minimum costs of a set of e-ary criteria and a set of

binary criteria, when both generate n choice classes, is then

�(e) loge n

�(2) log2 n
=

�(e)

�(2) log2 e
.

Recalling that e(e�1)
2 is a plausible cost function, suppose � is linear or superlinear in e. Then,

due to the log2 e term in the denominator, the above ratio grows rapidly as a function of e: the

penalty of using �ne criteria becomes substantial as �neness increases. The costliest method of all

lies at the extreme where a single criterion by itself determines all choice classes (e = n) which is

the traditional account where agents make direct preference judgments. The penalty exacted by

direct preference construction would become unsustainable as n increases: agents would have to

turn to some cost-reduction strategy.

This estimate of the cost of �neness casts economic light on the empirical observation of psy-

chologists, discussed in the introduction, that agents have only a limited ability to retain and

manipulate concepts in working memory. These limitations seem to be a cognitive defect. But

since these information-processing constraints force us into making choice discriminations more

e¢ ciently, there may never have been a pressing need for a capacity to handle many categories.

Our limitations might even be the outcome of optimizing adaptations.

Binary criteria do not carry a special status in the above contest. Had we, for example,

compared e-ary criteria with k-ary rather than binary criteria, the cost ratio of the former to the

latter would equal �(e)
�(k) logk e

and we would conclude that, as e increases, k-ary criteria enjoy a

rapidly increasing cost advantage.

Comparisons aside, the cost of using binary criteria, �(2) dlog2 ne, increases slowly as a function
of n, as does the cost of using k-ary criteria. The problem introduced at the beginning of the

paper, where the cost of preference construction increases on the order of n2 (or on the order of
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n log n for rational preferences) evaporates for criterion-based decision-making: the cost of a set of

criteria of �xed coarseness k that makes n choice distinctions increases only on the order of log n.

4.2 The e¢ ciency of bits in information storage

E¢ cient decision-making can be understood as the e¢ cient storage of information. The reinter-

pretation simpli�es our set-up and clari�es its mathematics.

Suppose you want to store one out of n possible facts, which we can identify with the integers

0; :::; n�1. Each of these n integers can be coded using k-ary digits and each digit can be stored in
a device that attains k states. Since N k-ary digits can encode kN integers, the number of devices

needed to store n facts equals dlogk ne, the least integer N such that kN � n. Letting �(k) be

the cost of a digit-storing device with k states, we therefore take the cost of storing one of n facts

using k-ary devices to equal �(k) dlogk ne, the product of the cost one k-ary device and the number
of devices required. To minimize this cost, there might at �rst glance seem to be an advantage to

raising k and hence �(k) in order to lower dlogk ne.
This cost-minimization problem is close to being a special case of the problem of selecting an

e¢ cient C. If, in the decision-making model, each criterion is required to have the same number of
categories e and we �x a target number of choice classes n then e¢ ciency demands that we choose

e to minimize �(e)N subject to the constraint that there is a c with n choice classes that uses N

e-ary criteria. As Proposition 1 indicates, N must equal the least integer such that eN � n, that
is, dloge ne.

The correspondence between these two problems implies that if (C; c) is e¢ cient in the decision-
making model and every criterion in C has the same number of categories k�, then k� will solve the
cost minimization problem for information storage if we set n = n(c) (assuming that both problems

share the same � function). Theorem 1 therefore suggests that e¢ cient information storage must

use devices that attain just two states, i.e., that use binary digits (bits). Analogously to criterion-

based choice, this conclusion will hold even when the marginal cost of using a larger digit diminishes

to 0, a possibility that �ts well with the increasing-returns character of digital technologies.

The facts that current-day computers store information in devices (transistors) that can assume

two states and that binary storage devices are now extraordinarily cheap are presumably not

coincidences. The question is why binary devices should enjoy a cost advantage.

Three non-notational di¤erences distinguish this section from the decision-making model. First,

to �t with information applications, we de�ne e¢ ciency as the minimization of the cost of storing

one out of an exogenous number of facts, rather than jointly in terms of both cost and the number

of facts to be stored. Second, the objects to be stored are associated with singleton facts rather
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than sets of items (as choice classes were). Finally, to �t the information-storage application, we

consider digit-storing devices that share a common number of states k: each stores a k-ary digit.

The decision-making model in contrast uses criteria where the number of categories can vary by

criterion. If applied to information storage, our earlier set-up would allow facts to be stored as

mixed-radix numerals (see Knuth (1997)).12

Although these di¤erences mean that we need new de�nitions for the information-storage model,

the proof of Theorem 2 is similar to the proof of Theorem 1; indeed the transferability of arguments

across the two settings is one point of this section.

As in the decision model, we require that the cost of storing a k-ary digit is nonnegative,

�(k) � 0 for all k � 1. Fix the number of possible facts n and de�ne (k;N) to be feasible for n
if k is a positive integer such that kN � n. Since the storage cost of (k;N) is �(k)N , de�ne k to
be the only base that stores one out of n facts e¢ ciently if, for some integer N , (k;N) is

feasible for n and �(k)N < �(k0)N 0 for all (k0; N 0) that are feasible for n with k0 6= k.

Theorem 2 The following statements are equivalent:

� for all integers n > 1, the only base that stores one out of n facts e¢ ciently is 2,

� �(k) > �(2) dlog2 ke for all integers k > 2.

The storage cost � is now easier to motivate since it represents the physical cost of building

a device rather than psychological e¤ort. But unlike categories in decision-making, the marginal

cost of using an additional digit in a storage device is presumably decreasing in the number of

digits k, due to economies of scale. So even though the log cost condition in Theorem 2 allows

the marginal cost of additional digits to converge to 0, the condition might be violated for some

k�s. The cost �(2) dlog2 ke is however likely to fall below �(k) for all su¢ ciently large k, since

log2 k increases so slowly, and it is therefore implausible that a large k would qualify as an e¢ cient

base. For small k > 2, however, in particular for k = 3, the log cost condition may well not apply.

As it happens, ternary computers were built or emulated from the late 1950�s to the early 1970�s,

and their advocates argued they were cost e¤ective (Frieder (1972), Klimenko (1999), Parhami and

McKeown (2013)).13

12There is no di¢ culty in providing a binary e¢ ciency theorem comparable to Theorem 2 below for mixed-radix

storage media.
13The case for ternary storage is sometimes based on �radix economy�, an engineering approximation of the cost

of storing the integer n equal to k logk n, which is minimized at k = e, i.e., nearly at k = 3 (Engineering Research

Associates (1950), Hurst (1984)). The implicit cost function in this approximation is �(k) = k, which, even granting

linearity in k, is di¢ cult to justify: a k = 1 device, which does nothing, cannot store any number, and leaves the
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4.3 Diverse criteria

Criteria can vary by how costly their categories are and by the value of their distinctions. With

movies, for example, genre distinctions are presumably cheaper to discover than quality-of-director

distinctions and, depending on the individual, have greater or lesser value. It might therefore seem

that the e¢ cient way to add choice classes would be to use the low-marginal cost categories of

high-value criteria; and if the categories of the high-value criteria enjoy diminishing marginal costs

then presumably those criteria should become ever �ner. But in fact the coarse criteria continue to

prevail: even when the marginal cost of categories is diminishing and no matter how many choice

distinctions an agent wants to make, the agent should use only criteria that are coarser than some

�xed ceiling.

To model diverse criteria, each criterion index will now identify a �xed attribute of the domain,

e.g., genre or director-quality. A set of criteria C will now, for each attribute i, contain either one
or no criterion that orders that attribute (rather than criteria always having indices 1; :::; N). Let

fCig denote the feasible criteria for attribute i. To make sure that the conclusion that criteria
should be coarser than a �xed ceiling is nontrivial, criteria must have the potential to be arbitrarily

�ne. Accordingly, we assume that there are one or more criteria in fCig with e categories for any
e > 1. To give agents the option to replace �ne with coarse criteria no matter how many criteria

are in use, we assume there is an attribute assigned to each positive integer i.

The value of an individual criterion v(Ci) will lie in the interval [v; ve(Ci)], where 1 < v < v,

when e(Ci) > 1 and will equal 1 when e(Ci) = 1. A set of criteria C and their values specify a
discrimination value function V on sets of criteria de�ned by

V (C) =
Y

Ci2C
v(Ci),

which replaces the number of choice classes as the agent�s discrimination objective.14 The value of

a criterion can increase without bound as its number of categories increases, a potential advantage

for �ne criteria (and a contrast to the utility-maximization model to come in section 4.3.1 which

concludes that criteria will have bounded value). Coarse criteria in the present model can have

negligible value since v(Ci) can be near 1. Despite these biases that can favor �ne criteria, the

optimal decision is always to select coarser criteria.

The individual criterion values mix together the value per category of a criterion Ci and the

number of categories in Ci. One way to disentangle the two e¤ects is to assume that the value

objective function unde�ned would have positive cost. If we correct this feature by instead minimizing (k� 1) logk n
s.t. k 2 Z+nf1g then k = 2 is optimal. Let me thank Itzhak Gilboa for telling me about ternary computers.
14Our original model is the special case where v(Ci) = e(Ci) for all Ci.
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per category, say wi, is a function only of the number of categories: v(Ci) = wi(e(Ci))e(Ci) where

wi(e(Ci)) must lie in an interval [w;w] such that 1
2 < w < w and w > 1. On the grounds of

diminishing marginal utility, it would be natural to let wi(e) diminish in e, unlike our original

model which in e¤ect had wi(e) = 1 for all e.

Both our original model and the present generalization determine the value of a set of criteria

by multiplying the values of individual criteria. Recall that the advantage of criteria lies in the

capacity of each criterion to distinguish within the categories of the remaining criteria. An increase

in the distinctions of one criterion Ci therefore allow the other criteria to become more powerful

since they can distinguish within more Ci-categories. This spillover of bene�ts can magnify when

criteria have diverse values. To illustrate, consider a two-criteria world where C1 has greater value

than C2, e.g., in the special case above, w1(e) > w2(e0) for all integers e; e0 > 1. An expansion of e2

would allow C1 to distinguish more �nely: each of the larger set of C2-categories can be partitioned

by C1 into e(C1) distinct subsets. If, say, C1 and C2 are both initially binary an expansion of e2

from 2 to 3 would allow C1 to make its more valuable, binary distinction within three rather than

two subsets of X. The greater value of C1 therefore does not imply that an agent who decides to

use a larger budget of categories should devote all of the increase to C1; an increase in the number

of C2-categories could be more advantageous. This is more than an abstract possibility: Theorem

3 shows that using additional coarse criteria, even if they have small value, will be superior to

making a highly valuable �ne criterion yet more �ne.

We retain our notation for the cost of criteria but now drop the assumption that the cost of a

Ci is determined solely by e(Ci). The set of criteria C is e¢ cient if there does not exist a C0 such
that V (C0) � V (C) and �[C0] � �[C] with at least one of the inequalities strict.

To specify a well-behaved set of feasible criteria, we need to de�ne when the costs of di¤erent

sets of criteria are near to each other. Each sequence of criteria


Cki
�
for attribute i such that

e(Cki ) = k for each positive k de�nes a cost function �i on N given by �i(k) = �(Cki ). The feasible

criteria for i thus de�ne a set of feasible cost functions for i, denoted f�ig, one function for each
possible



Cki
�
. The set of feasible cost functions is compact if

S1
i=1f�ig is compact in the

topology of uniform convergence on N.15 De�ne �i to dominate fractional power functions

if there exists a 0 < a < 1 such that for any  > 0 there is a e where �i(e) > ea if e > e. This

condition slightly weakens the log cost condition used earlier, but the marginal cost of categories

can still descend 0 as e increases. For example, �i(e) =
p
e satis�es the condition (set a = 1

4).

Theorem 3 If the feasible cost functions dominate fractional power functions and form a compact

set then there is a ceiling b such that any e¢ cient C contains only criteria with fewer than b
15That is, a sequence �in converges if supe2N

���in(e)� �in+1(e)�� converges to 0 as n!1.
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categories.

The thrust of Theorem 3 is that, even when aiming for a large number of choice distinctions

and even when some criteria have value that grows without bound as the number of their categories

increases, it is better to use more low-value coarse criteria than to let the high-value criteria become

�ner. Though binary criteria are not singled out in the assumptions above, the proof of Theorem 3

proceeds by showing that any criterion that is excessively �ne can be e¢ ciently replaced by binary

criteria. Binary criteria do however enjoy a special status. If many criterion indices share the

same cost functions and values then to achieve e¢ ciency the criteria for these indices must all be

binary, assuming that the log cost condition holds.

4.3.1 Utility-maximizing criteria

We show here that utility and discrimination value are compatible goals. Standard utility functions

satisfy our assumptions on discrimination value with room to spare.

A criterion implicitly gives an agent the information to distinguish among alternatives by cat-

egory. Without the information, the agent would not know how the categories and the labels of

the alternatives were related. For example, it is only by learning a director criterion that an agent

discovers how titles map to director categories. To show that discrimination value can order sets

of criteria as utility maximizers would, we model explicitly the information that criteria convey.

Let X equal a product of n attributes X =
Qn
i=1Xi where n is large enough to accommodate

Theorem 3 or counts only those attributes ordered by some criterion in use. An agent receives

the utility u(x) =
Pn
i=1 ui(xi) for x 2 X. Each criterion orders only one attribute and so each

Ci-category has the form Ei�
Q
j 6=iXj where Ei � Xi. As before, there is a set of feasible criteria

for each attribute i containing at least one criterion with e categories for each e > 1.

In this application, the agent will choose from choice sets A that equal a product
Qn
i=1Ai where

Ai � Xi for each i and A has �nite cardinality T > 1 (which we could let be random). The tth

element of A is written xt = (xti)
n
i=1.

An agent who uses a criterion Ci learns, for each xt 2 A, the Ci-category that contains xti. The
agent might know labels or indices for the alternatives in A �the movie titles �but not the x�s

or the utilities associated with those labels. A state s therefore speci�es all of the alternatives

in the choice set A the agent faces. Each xti is thus a random variable as is ui(xti), which we

assume to be integrable. While the T draws that make up A are not independent or identically

distributed, we assume that the distributions of the ui(xti) are conditionally independent given the

agent�s information.16

16The agent�s information is an event of the form
Qn
i=1

QT
t=1 E

t
i where E

t
i �

Q
j 6=iXj is the Ci-category such that

17



To give �ne criteria an edge, we do not assume, as one normally would in expected utility

theory, that the values that each ui can attain are bounded. The model can thus allow a �ne

criterion to recognize the event that ui(xi) surpasses any given threshold, no matter how large.

The conditional independence assumption implies that the choice of which element to select

from Ai can be made separately for each attribute i. Since for the Ai decision the pertinent facts

are the Ci-categories that contain the xti, the agent�s decision is conditioned on that information.
17

Let utCi � E[ui(x
t
i) jCi ] denote the random variable that at state s equals the conditional expected

utility of xti given the Ci-category that contains x
t
i when s obtains. We assume for all t that u

t
Ci
is

greater than, and bounded away, from E
�
ui(x

t
i)
�
for any Ci with two or more categories: there is a

nontrivial expected gain to letting Ci distinguish categories. For example, if Xi � R, ui is strictly
increasing, each Ci-category is an interval, and there are at least two Ci-categories that contain

some xti with positive probability, then u
t
Ci
> E

�
ui(x

t
i)
�
.

Since the agent decides after receiving the Ci information, the optimal choice when s obtains is

to pick a xti 2 Ai such that utCi(s) is maximal in fu
1
Ci
(s); :::; uTCi(s)g. Ex ante, the expected utility

delivered by criterion Ci is given by

UCi � E
�
max

�
u1Ci ; :::; u

T
Ci

��
and the expected utility of using the set of criteria C is U(C) �

P
Ci2C UCi . Call a U that can arise

when our assumptions on the ui are satis�ed a utility function for criteria. Both a utility for

criteria and a discrimination value function represent complete and transitive orderings on sets of

criteria.18

Proposition 2 Any utility function for criteria represents an ordering of sets of criteria that some

discrimination value function also represents.

The diverse criterion model allows v(Ci) to grow without bound as e(Ci) increases, while the

proof of Proposition 2 shows that the values for individual criteria that stem from utility maxi-

mization are bounded: utility maximization �ts the model with ease.

Example 3 To get a feel for actual numbers, suppose (1) for each choice set, only two options for

each attribute are available (i.e., jAij = 2 and hence T = 2n), (2) for each attribute i, draw t, and

xti 2 Et
i , and where E

t
i = Xi when C contains no criterion for attribute i.

17Due to conditional independence, it is immaterial for the Ai decision whether the agent conditions on an event

of the form
Q
j 6=iXj �

QT
t=1 E

t
i (learning only a Ci-category) or an event of the form

Qn
i=1

QT
t=1 E

t
i (learning a

Ci-category for each Ci 2 C).
18Representation has its standard meaning: a discrimination value or utility W represents the binary relation %

on sets of criteria if W (C) > W (C0), C % C0.
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state s, ui(xti(s)) lies in [�1
2 ;
1
2 ] and (3) for every Ci, t, and Ci-category, the conditional distribution

of ui(xti) given that x
t
i lies in the Ei speci�ed by the category is uniform over an interval of length

1
e(Ci)

. Easy calculations show the following relationship between the number of Ci-categories and

the expected utility that Ci delivers:

e(Ci) UCi

1 0

2 :125

3 :148

4 :156

1 :167

where the bottom row lists a perfectly discriminating criterion. Two or three categories deliver

the lion�s share of a criterion�s potential value. �

4.4 Arbitrary increases in coarseness

We have seen that �rst-best e¢ ciency requires either that criteria are binary or, in a more general

setting, have a bounded number of categories. In this section, we show that if the marginal cost of

categories is increasing �a stronger assumption that the log cost condition �then any move from

�ner to coarser criteria brings a gain in e¢ ciency.

In comparing the coarseness of sets of criteria with di¤erent numbers of criteria, only the

costly categories are economically relevant. Since single-category criteria, which make no choice

distinctions, should cost 0, the number of costly categories of a criterion Ci is given by e�i = ei � 1
(where as usual ei = e(Ci)). Call the vector of positive integers (e1; :::; eN ) the discrimination

vector of C =fC1; :::; CNg. Following the analogy of �rst-order stochastic dominance, we consider
C to be coarser than C0 if the proportions of costly categories that are smaller than any given level
is greater for the discrimination vector of C than for the discrimination vector of C0. Given a

discrimination vector e = (e1; :::; eN ) with some ei > 1, and given an integer k � 1, let pk(e) denote
the proportion of

P
i2f1;:::;Ng e

�
i that satis�es e

�
j � k:

pk(e) =

P
i2fj:e�j�kg

e�iP
i2f1;:::;Ng e

�
i

.

Formally, we de�ne the set of criteria C with the discrimination vector e to be coarser than the set
C0 with the discrimination vector e0 if, for each integer k � 1, pk(e) � pk(e0) and strict inequality
obtains for some k � 1.19

19 If we had de�ned coarseness using the distribution of the ei rather than the e�i , we could take any discrimination
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Greater coarseness does not by itself imply an increase in e¢ ciency. First, coarseness measures

the distribution of categories not their aggregate quantity: C could be coarser than C0 but �(C) and
n(c) (for the c paired with C) could be so large that C and C0 are not e¢ ciency ranked. A pure

advantage of coarseness therefore can appear only when the number of costly categories in C and C0

is the same. Second, the two potential advantages of coarseness need to �nd traction: as Example

2 illustrated, either marginal costs must be strictly increasing or there must be an opportunity to

make more choice distinctions.

To deal with these points, we now return to the assumption that costs are determined by the

number of categories and de�ne marginal costs to be increasing if �(1) = 0 and, for all positive

integers e and e0,

e0 > e)
�
�(e0 + 1)� �(e0) � �(e+ 1)� �(e)

�
, (MC)

and strictly increasing if they are increasing but with the latter inequality in MC strict. Let

C and C0 have the same number of costly categories if
PN
i=1 e

�
i =

PN 0

i=1 e
0�
i and form a tight

comparison if either marginal costs are increasing and min
hQN

i=1 ei;
QN
i=1 e

0
i

i
< jXj or marginal

costs are strictly increasing.

Theorem 4 (�Coarser is better�) Suppose C and C0 form a tight comparison and have the same

number of costly categories. If C is coarser than C0 then C is more e¢ cient than C0.

While Theorem 4 implies that an e¢ cient set of criteria must be all-binary, the condition given

in Theorem 1 for all-binary e¢ ciency is much weaker.

Despite a notation-intensive induction step, the heart of the proof of Theorem 4 is simple. With

C and C0 as given in the Theorem, we can append enough single-category criteria to C0 to equalize
the number of criteria in C and C0 without a¤ecting the cost of C0 or the number of choice classes of
c0�s that use C0. Figure 1 illustrates with a �ner (solid, blue) set C0 of three criteria and a coarser
(dashed, red) set C of six criteria, with criteria arranged so that the number of categories increases
from left to right. The bottom graph adds single-category criteria to C0 to equalize the number of
criteria. Now compare the criteria in C and the amended version of C0 with the greatest number
of categories, then compare the criteria with the second greatest number of categories, and so on,

i.e., move from right to left in the Figure. The greater coarseness of the criteria in C and the
fact that C and C0 have the same number of costly categories imply that at the �rst point where
C and C0 di¤er, it will be the criterion in C0 �call it C 0more �that has more categories. Reduce

the number of categories in this criterion by 1 and increase by 1 the number of categories in some

vector, append a large number of 1�s to it, and thereby make it appear to be highly coarse even though its cost and

discriminatory power would not have changed.
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other criterion C 0k in C0 that has at least two fewer categories than C 0more to create a new set C00.
In the bottom graph, this change would be a move of a category leftward from a point where the

height of a solid column exceeds that of a dashed column. The change reduces costs, and strictly

reduces costs if marginal costs are strictly increasing. Moreover, by a calculation similar to the

one in the introduction, the product of the e0i�s will increase. Hence, the number of choice classes

in some c00 that uses C00 can weakly increase and can strictly increase if
QN
i=1 e

0
i < jXj. Due to the

tight-comparison assumption, C00 is strictly more e¢ cient than C0 (though it need not be coarser).
Since the number of costly categories is the same in C and C0, there is a sequence of such steps that
terminate in a set of criteria with the same cost as C0 with no accompanying drop in the number of
choice classes; in the Figure, there is just enough mass where the solids exceed the dashes to �ll in

the locations where the dashes exceed the solids. Since each step is an e¢ ciency increase, C must
be more e¢ cient than C0.

In section 4.3, we noted that if many criterion indices share the same costs and values then

e¢ ciency requires that these criteria are all binary. The reasoning above lets us say more. If

there are only a few criterion indices with shared costs and values then their numbers of categories

should be smoothed under the assumptions of Theorem 4 (the numbers of categories for any two

of these criteria should di¤er by at most one).

5 E¢ ciency leads to rationality

This section explains and axiomatizes the connection between binary criteria and choice functions

that maximize a rational preference. For the choice functions that satisfy our axioms, rational

choice is a necessary consequence of e¢ cient decision-making. We begin with a direct and intuitive

argument that shows that weighted voting, introduced in section 2, will generate a rational choice

function when criteria are binary. Binariness is crucial: recall from the introduction that if three

criteria rank three alternatives as voters do in the Condorcet paradox, then an equal-weight vote

will cycle. Given the possibility results in voting models with dichotomous preferences (see footnote

5), one would expect that binary criteria aggregate well.

De�nition 6 Let C be a set of criteria and ! the criterion weights (!1; :::; !N ). Then c is a

!-weighted-voting choice function that uses C if c uses C and, for all A 2 F , c(A) equals(
x 2 A :

NX
i=1

!isi(x; y) � 0 for all y 2 A
)
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when this set is nonempty.20

A choice function c on the family of choice sets F is rational if there is a complete and transitive
% on X such that, for all A 2 F , c(A) = fx 2 A : x % y for all y 2 Ag.

Proposition 3 Given any criterion weights !, if each criterion in the set C is binary then the
!-weighted-voting choice c function that uses C is rational.

Proof. For C = fC1; :::; CNg, de�ne ui : X ! R by ui(x) = wi if x is in the top category of Ci
and ui(x) = 0 otherwise. Since ui(x)� ui(y) = wisi(x; y) for any x; y 2 X,

m(A) �
(
x 2 A :

NX
i=1

ui(x) �
NX
i=1

ui(y) for all y 2 A
)
=(
x 2 A :

NX
i=1

wisi(x; y) � 0 for all y 2 A
)

for all A 2 F . Since f
PN
i=1 ui(x) : x 2 Ag is �nite (it has at most 2N elements),

PN
i=1 ui(x)

must reach a maximum as x varies in A and therefore m(A) is nonempty. Given De�nition 6,

m(A) = c(A) and, since the binary relation % on X de�ned by x % y if and only if
PN
i=1 ui(x) �PN

i=1 ui(y) is complete and transitive, c is rational.

The reach of Proposition 3 is fairly broad; for example when criteria are binary a seemingly un-

related choice procedure, the lexicographic rule of Manzini and Mariotti (2007), leads to a weighted-

voting choice function. The emphasis in Mandler et al. (2012) that lexicographic compositions

of binary criteria lead to rational choice functions therefore misleads a little: the key ingredient is

that criteria are binary, not the lexicography.

For the general result, we continue to assume that alternatives that are winners against every

element of a choice set A are selected from A. Given the choice function c, call x 2 A a Condorcet
winner in A if x 2 c(fx; yg) for all y 2 A and de�ne c to satisfy the Condorcet rule if, for any
A 2 F , whenever there is a Condorcet winner in A, c(A) equals the set of Condorcet winners.

Fixing the set of criteria C, let Ux;y = fCi 2 C : xCi yg denote the set of criteria that rank x
over y. De�ne the set of criteria U to be decisive against the set of criteria V , written U DV ,
20Recall from section 2 that, for any pair x; y,

si(x; y) =

8>><>>:
1

�1
0

if xCi y

if y Ci x

otherwise

.
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if, for all a; b 2 X, Ua;b = U and U b;a = V imply a 2 c(fa; bg). So when U is decisive against V

and a is recommended over b by the criteria in U and opposed by the criteria in V then a is chosen

from fa; bg.

De�nition 7 A choice function c satis�es the weighting axioms with respect to the set of criteria

C if, for all x; y 2 X, and all subsets of criteria U; V; U 0; V 0; and W in C,

� x 2 c(fx; yg)) Ux;yDUy;x (decisiveness),

� U DV , U 0DV 0, and U \ U 0 = ?) (U [ U 0)D (V [ V 0) (union),

� U DV and W � (U \ V )) (UnW )D (V nW ) (subtraction).

Decisiveness says that if one set of criteria defeats another set with respect to some pair of

alternatives then, whenever another pair of alternatives is backed by the same sets of criteria, the

alternative backed by the previously victorious set will win: the victorious set of criteria has greater

�weight� than the defeated set. Union states that if each of two sets of disjoint criteria defeats

another set of criteria, then the union of winners is decisive against the union of the losers. The

disjointness is important: the union of overlapping sets of criteria might be no larger (or not much

larger) than the sets of winners taken separately and it would not be reasonable to require such a

union to defeat a more formidable set of criteria than each faced separately. Subtraction says that

if we take away the same set of criteria from the winners and the losers then the winners remain

decisive.

It is easy to con�rm that a weighted-voting choice function that uses C satis�es the weighting
axioms with respect to C.

Theorem 5 If a choice function c satis�es the weighting axioms with respect to a set of binary

criteria and satis�es the Condorcet rule then c is rational.

Subject to the stated provisos �the weighting axioms, the Condorcet rule, and our cost condition

�Theorems 1 and 5 together show that e¢ ciency in decision-making implies that choices will be

rationally ordered.

6 Conclusion

To end with practical advice, suppose you want to use criteria to order in restaurants with the

dual goals of discriminating su¢ ciently among meals and making the fewest decisions. Theorem

1 instructs you to use binary criteria and, to satisfy maximal discrimination, to set the binary
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distinction of each criterion to �cut across�the distinctions made by the other criteria. To achieve

these goals, you must be able to view the set of meals as a product of attributes, with one attribute

for each criterion and with each criterion partitioning its attribute into two subsets, one better and

one worse.

If an agent uses monotone attributes � in the case of meals, say, calorie count or cost �then

building the needed criteria requires only that the agent choose a cuto¤ that divides each attribute

into two parts with more and less respectively of the attribute. Some attributes that need not be

monotone �meat versus vegetarian �may also happen to divide easily into two parts. The upshot

of Theorem 1 is that a binary structure such as this, although it seems crude, is the most e¢ cient

way to partition meals into a given number of choice classes. If you can �nd the required binary

distinctions, the e¢ ciency advantage will remain even if on each evening you go out to eat your

ranking of some of the binary categories changes �one day you prefer �sh and the next you prefer

meat.

This binary method may o¤er a good description of how people sometimes decide. Our analysis

pushes Rubinstein (1996) one step further: not only do rational binary relations stand out in their

usefulness but those binary relations that stem from binary categories end up being the cheapest

way to make decisions.

A Appendix: Remaining results and proofs

Proposition 4 For any choice function c, the choice classes of c form a partition of X.

Proof. It is su¢ cient to show that the binary relation xRy de�ned by �x and y are elements of

the same choice class�is an equivalence relation. Re�exivity and symmetry are immediate. For

transitivity assume that xRyRz.

Given B � X and a 2 X, let B � a denote Bnfag and B + a denote B [ fag.
Assume x 2 c(B) and z 2 B. Suppose by way of contradiction that z =2 c(B). Since yRz,

y =2 c(B). Since xRy, y =2 B. Letting B � x play the role of A in De�nition 2, the assumption

that x 2 c(B) implies y 2 c(B� x+ y) and hence, since yRz, z 2 c(B� x+ y). But, letting B� x
again play the role of A, the assumption that z =2 c(B) implies z =2 c(B � x+ y). So x 2 c(B) and
z 2 B imply z 2 c(B).

Next assume B \ fx; zg = ? and x 2 c(B + x). If y 2 B then, since xRy, y 2 c(B + x) and so,
since yRz and letting B+x play the role of A, z 2 c(B+x� y+ z). Hence, since xRy and letting
B + z � y play the role of A, z 2 c(B + z). Alternatively if y =2 B then, since xRy, y 2 c(B + y).
Hence, given yRz, z 2 c(B + z). So B \ fx; zg = ? and x 2 c(B + x) imply z 2 c(B + z).
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Finally assume B \ fx; zg = ?, w 2 B, and w 2 c(B + x). If y 2 B then yRz implies

w 2 c(B + x � y + z). Hence, letting B + x � y + z play the role of A and given that xRy,

w 2 c(B+ z). If y =2 B then, letting B+x play the role of A, xRy implies w 2 c(B+y) and hence,
letting B+ y play the role of A and given that yRz, w 2 c(B+ z). So B \fx; zg = ?, w 2 B, and
w 2 c(B + x) imply w 2 c(B + z). �

De�nition 8 Given a set of criteria C, the discrimination partition P is the partition of X

that, for any pair x; y 2 X, places x and y in the same P 2 P if and only if, for each Ci 2 C, x
and y are contained in the same Ci-category.

Proof of Proposition 1. Suppose (C; c) is e¢ cient. Since c uses C, n(c) � jPj. Moreover, given
C and hence P, there exists a bc that uses C such that n(bc ) = jPj. For example, assign a distinct
number r(P ) to each P 2 P, set R(x) = r(P ) where P 2 P satis�es x 2 P , and let bc select from
any choice set A only those alternatives x 2 A with the largest R(x): bc (A) = fx 2 A : R(x) � R(y)
for all y 2 Ag. It is easy to con�rm that bc uses C, i.e., if x and y are elements of the same cell of
P then x and y are elements of the same choice class. Conversely if x and y are elements of the

same choice class then, since fx; yg 2 F , bc (fx; yg) = fx; yg. Therefore R(x) = R(y) and hence x
and y are in the same cell of P. Since therefore n(bc ) = jPj, we must have n(c) = jPj.

Let ei indicate e(Ci), i = 1; :::; N , for the remainder of the proof. To identify the maximum value

of jPj for sets of N criteria bC such that e( bCi) = ei for each i, assume �rst thatQN
i=1 ei � jXj. Set bC1

to have e1 categories with cardinalities that, if X is �nite, equal
j
jXj
e1

k
or
j
jXj
e1

k
+1 and otherwise are

all in�nite. Proceeding by induction, suppose that f bC1; :::; bCtg with e1; :::; et categories determine,
via De�nition 3, a partition Pt of X into

Qt
i=1 ei cells such that the cardinalities of the cells of

Pt are either all in�nite or are �nite and equal either
j

jXjQt
i=1 ei

k
or
j

jXjQt
i=1 ei

k
+ 1. Let m denotej

jXjQt
i=1 ei

k
. To build bCt+1 in the �nite case, de�ne for each Pt 2 Pt a partition P(Pt) of Pt into

et+1 cells that have either cardinality
j
m
et+1

k
or
j
m
et+1

k
+ 1. Since both m and m + 1 lie in the

interval
h
et+1

j
m
et+1

k
; et+1

�j
m
et+1

k
+ 1
�i
, the partitioning is feasible. In the in�nite case, let P(Pt)

again consist of et+1 cells, all with in�nitely many alternatives. In both cases, let 1[Pt]; :::; et+1[Pt]

denote the cells of P(Pt). For x 2 X, let kx 2 f1; :::; et+1g denote the integer such that x 2 kx[Pt]
for some Pt 2 Pt. We set bCt+1 by x bCt+1 y , kx � ky. Then bCt+1 has et+1 categories and we
set the partition Pt+1 to equal

S
Pt2Pt P(Pt). The cardinalities of the cells of Pt+1 in the �nite

case equal, using the nested division rule for b�c, either

6664� jXjQt
i=1

ei

�
et+1

7775 = j jXjQt+1
i=1 ei

k
or
j

jXjQt+1
i=1 ei

k
+ 1

and in the in�nite case are all in�nite. In both cases, Pt+1 has
Qt+1
i=1 ei cells. Hence there is a set

of criteria f bC1; :::; bCNg with e1; :::; eN categories that determine a partition PN of X into
QN
i=1 ei
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cells. Thus jPj can achieve a value of
QN
i=1 ei.

To see that
QN
i=1 ei is the maximum for jPj, let fC 01; :::; C 0N 0g be a set of criteria with e1; :::; eN 0

categories. Applying De�nition 3, each fC 01; :::; C 0tg determines a partition P 0t of X and jP 01j � e1.
Suppose for t 2 f1; :::; N � 1g that jP 0tj �

Qt
i=1 ei. Fix some Pt 2 Pt. Then (Pt+1 2 P 0t+1 and

Pt+1 � Pt) if and only if there is a Ct+1-category Et+1 such that Pt+1 = Pt \Et+1. Since there are
at most et+1 Ct+1-categories, Pt contains at most et+1 cells of P 0t+1. Hence

��P 0t+1�� � et+1 �Qt
i=1 ei

�
and we conclude that

��P 0N 0
�� �QN 0

i=1 ei.

When
QN
i=1 ei > jXj, terminate the recursion used to construct the bCi at the largest t such

that
Qt
i=1 ei � jXj. To de�ne bCt+1, let each partition P(Pt) have jPtj rather than et+1 cells. The

remainder of the construction of bCt+1 is unchanged, leading to a bCt+1 with maxfjPtj : Pt 2 Ptg
categories, and a partition Pt+1 with jXj cells. The criteria bCt+2; :::; bCN can be set arbitrarily. Of
course the maximum value for jPj is jXj in this case.

Since
QN
i=1 ei is the maximum value for jPj (for ( bC1; :::; bCN ) such that (e( bC1); :::; e( bCN )) =

(e1; :::; eN )) when
QN
i=1 ei � jXj, and jXj is the maximum value for jPj when

QN
i=1 ei > jXj, and

since n(c) = jPj, we conclude that n(c) = min
hQN

i=1 ei; jXj
i
. �

Proof of Theorem 1. Assume that �(e) > �(2) dlog2 ee for all e > 2 and suppose that, for some
X 2 X , there is an e¢ cient set C of N criteria de�ned on X that contains a Ci with e > 2 categories.

De�ne a set C0 of N�1+dlog2 ee criteria such that, for j 2 f1; :::; Ngnfig, e(C 0j) = e(Cj) and where
the remaining dlog2 ee criteria are binary. The proof of Proposition 1 shows that we may construct
(C0; c0) so that the discrimination partition P 0 of C0 satis�es jP 0j = min[

QN�1+dlog2 ee
j=1 e0j ; jXj] and

n(c0) = jP 0j. Since �[C] =
PN
j=1 �(Cj) and �[C0] =

P
j2f1;:::;Ngnfig �(Cj) + �(2) dlog2 ee,

�[C]� �[C0] = �(e)� �(2) dlog2 ee > 0.

Let c use C. By Proposition 1, n(c) � min[
QN
j=1 ej ; jXj] whereas n(c0) = min[

QN�1+dlog2 ee
j=1 e0j ; jXj].

Since 2dlog2 ee � 2log2 e = e,0@N�1+dlog2 eeY
j=1

e0j

1A�
0@ NY
j=1

ej

1A =

0@ NY
j2f1;:::;Ngnfig

ej

1A�2dlog2 ee � e� � 0,
and therefore n(c0) � n(c). Hence (C0; c0) is more e¢ cient than (C; c) for any c that uses C, a
contradiction.

Conversely, assume that any e¢ cient C on a domain in X contains only binary criteria and

suppose that, for some e > 2, �(e) � �(2) dlog2 ee. Set X 2 X so that jXj = e. To see that there
exists a minimum-cost bC such that bc uses bC and n(bc ) = e, notice that, for any (C00; c00) with n(c00) = e
and e(C 00i ) > 1 for all i, C00 cannot have minimum cost if jC00j > dlog2 ee: by eliminating a criterion
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we would have a C000 with
QN
j=1 e

000
j � e and the proof of Proposition 1 implies that there is then a

(eC;ec ) with �[eC ] � �[C000] and e(ec ) = e. We also cannot have e(C 00i ) > e for any i. Hence there

exist only �nitely many values of �[C00] for (C00; c00) such that n(c00) = e. Hence there is an e¢ cient
(bC;bc ) such that n(bc ) = e. The set bC is therefore e¢ cient (if not there would be a (C00; c00) with
�[C00] < �[bC ] and n(c00) = e and hence (bC;bc ) would not be e¢ cient). By assumption, bC contains
only binary criteria and, given the proof of Proposition 1,

��� bC ��� = dlog2 ee. So �[bC ] = �(2) dlog2 ee.
But the (C0; c0), where C0 consists of a single criterion with e categories and n(c0) = e, satis�es

�[C0] = �(e) � �(2) dlog2 ee. There must therefore be an e¢ cient (C00; c00) such that n(c00) = e and
where C00 contains at least one nonbinary criterion. Since C00 would also then be e¢ cient, we have
a contradiction. �

Proof of Theorem 2. Assume that �(k) > �(2) dlog2 ke for all k > 2 and suppose, for the

positive integer n, that (k0; N 0) is feasible for n and k0 6= 2. Since 2dlog2 ne � n, (2; dlog2 ne) is
feasible for n.

Recursively de�ne a sequence of vectors v1; :::; vT beginning with the N 0-vector v1 of all k�s and

each stage removing one k and adding dlog2 ke 2�s, thus arriving at a N -vector vT of all 2�s. For

any i = 1; :::; T � 1, let the number of 2�s in vi equal a and the number of k�s equal b. Since

�(2) dlog2 ke < �(k),

�(2)(a+ dlog2 ke) + �(k)(b� 1) < �(2)a+ �(k)b.

Hence

�(2)
���fj : vi+1j = 2g

���+ �(k) ���fj : vi+1j = kg
��� < �(2) ��j : fvij = 2g��+ �(k) ��j : fvij = kg��

and therefore �(2)N < �(k)N 0.

Lemma. If �(k) > �(2) dlog2 ke and the (a + b)-vector w1 consists of a � 0 2�s and b > 0 k�s,
then the (a + dlog2 ke + b � 1)-vector w2 that consists of (a + dlog2 ke) 2�s and b � 1 k�s satis�esQa+dlog2 ke+b�1
j=1 w2j �

Qa+b
j=1w

1
j .

To prove the Lemma, note that since 2dlog2 ke � 2log2 k = k,

2a+dlog2 kekb�1 � 2akb = (2akb�1)(2dlog2 ke � k) � 0.

Beginning with v1, apply the Lemma T�1 times to conclude that 2N � kN 0
. Since by feasibility

kN
0 � n, we have N � log2 n and, since N is an integer, N � dlog2 ne. Since �(2)N < �(k)N 0,

�(2) dlog2 ne < �(k)N 0.

Conversely, assume for any positive integer n that 2 is the only base that stores one out of n

facts e¢ ciently and suppose, for some k0 > 2, that �(k0) � �(2) dlog2 k0e. Set n = k0 and observe
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that (k0; 1) is feasible for n. Since �(k0)(1) � �(2) dlog2 ne and (2; dlog2 ne) is also feasible for n, 2
is not the only base that stores one out of n facts e¢ ciently. �

Proof of Theorem 3. We record that the topology on
S
i2Nf�ig is a metric space with � (�i; �j) =

min
�
1; sup

S
e2N fj�i(e)� �j(e)jg

�
serving as the metric.

We show, as a preliminary step, that there is a a such that inf �i(e) > sup�j(2) deave for all
e su¢ ciently large, where inf �j(e) denotes inff�j(e) : �j 2

S
i2Nf�igg, sup�j(e) = supf�j(e) :

�j 2
S
i2Nf�igg. Since 2x � x + 1 � dxe for all x � 1 and since v > 1, 2eav � deave for a > 0

and e � 1. Hence 2 sup�j(2)eav � sup�j(2) deave for a > 0 and e � 1. For �j 2
S
i2Nf�ig

there is, by assumption, an a > 0 such that �i(e) > 2 sup�j(2)ve
a for all e su¢ ciently large.

Hence �i(e) > sup�j(2) deave for all e su¢ ciently large. To conclude this step, suppose to the

contrary that for each n 2 N there is an increasing sequence of natural numbers henl i that satis�es
inf �i(e

n
l ) � sup�j(2)

l
(enl )

1
n v
m
. Since the topology on

S
i2Nf�ig is metrizable, the compactness

assumption implies that for each n and enl there is a �
n;enl 2

S
i2Nf�ig such that �n;e

n
l (enl ) �

sup�j(2)
l
(enl )

1
n v
m
. Hence for each n 2 N there is a be n 2 N and �n 2

S
i2Nf�ig such that (1)

(be n) 1n v !1 (and therefore be n !1) and (2) �n(be n) � sup�j(2) l(be n) 1n vm. Due to compactness,
there is a subsequence of natural numbers hnki and a � 2

S
i2Nf�ig such that �nk ! �. Since,

for some a > 0, �(e) > 2 sup�j(2)
�
eav
�
for all e su¢ ciently large and since 1

nk
< a for all nk

su¢ ciently large, there exist e > 0 and n > 0 such that �(e) > 2 sup�j(2)
l
e

1
nk v
m
for all e > e and

all nk > n. But due to (2), for each nk,

�(be nk) � sup�j(2) l(be nk) 1
nk v

m
+ (�(be nk)� �n(be nk)) ,

and hence, since the metric � implies �n(be nk)��(be nk)! 0 and since (be nk) 1
nk v !1, we conclude

that

�(be nk) � sup�j(2) l(be nk) 1
nk v

m
+ (�(be nk)� �n(be nk)) � 2 sup�j(2) l(be nk) 1

nk v
m

for all nk su¢ ciently large, a contradiction. Hence there exist a > 0 and an integer b > 0 such

that inf �i(e) > sup�j(2)
�
eav
�
for all e > b.

To prove the Theorem, suppose the set of N 0 criteria C0 contains a C 0k with e categories.
De�ne C to coincide with C0 except that C 0k is replaced by

�
eav
�
binary criteria with indices

N 0 + 1; :::; N 0 +
�
eav
�
. Due to the previous paragraph, �[C] < �[C0] if e > b. As for value,
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V (C0) =
Q
j2f1;:::;N 0g v(C

0
j) and V (C) � vde

ave
�Q

j=f1;:::;N 0gnfkg v(C
0
j)
�
. Hence

V (C)� V (C0) � vdeave
0@ Y
j=f1;:::;N 0gnfkg

v(C 0j)

1A� Y
j2f1;:::;N 0g

v(C 0j)

=

0@ Y
j=f1;:::;N 0gnfkg

v(C 0j)

1A�vdeave � v(C 0k)� .
Since vdeave � veav and ve � v(C 0k), if ve

av > ve for all e su¢ ciently large then there is an integer

b0 such that V (C)� V (C0) > 0 when e > b0. To conclude that veav > ve for all e su¢ ciently large,
it is su¢ cient that any of the following equivalent conditions

ve
av

ve
!1 () ln ve

av � ln ve!1 () eav ln v � ln ve!1

obtains. The last condition follows from ln e
ea
! 0 and the implications

ln e

ea
! 0)

1
v ln v ln e

ea
! 0)

ln v
v ln v +

1
v ln v ln e

ea
! 0, ln v + ln e

eav ln v
! 0.

So set b in the Theorem equal to maxfb; b0g. �

Proof of Proposition 2. Given that U is additively separable, we may normalize each ui without

changing the ordering represented. Set E
�
ui(x

t
i)
�
= 0 for i = 1; :::; n. De�ne V (C) = exp (U(C))

and v(Ci) = exp (UCi) for Ci 2 C. If e(Ci) > 1 then utCi > 0 and hence UCi > 0 and v(Ci) > 1.

Setting v = inf fv(Ci) : Ci is feasible and i 2 f1; :::; ngg, we therefore have v � 1. Given that utCi is
bounded away from 0 for feasible Ci with e(Ci) > 1, v(Ci) is bounded away from 1 for the same

Ci and hence v > 1. Since

UCi � E
hPT

t=1

��utCi��i �PT
t=1 E

�
E[
��ui(xti)�� jCi ]� =PT

t=1 E
���ui(xti)��� ,

and each ui(xti) is integrable, for each i there is a well-de�ned constant ki =
PT
t=1 E

���ui(xti)���
such that UCi � ki for all feasible Ci. Hence v(Ci) � exp ki for all feasible Ci. With the v(Ci)

and v already de�ned, by setting v = max[exp k1; :::; exp kn; 2v] we conclude that V quali�es as a

discrimination value function. �

Terminology for Lemmas 1 - 4 and Proof of Theorem 4. Given a cost function � and a

N -vector of positive integers e, de�ne �[e] to equal
PN
i=1 �(ei). If e and e0 are, respectively, N -

and N 0-vectors of positive integers, e is weakly more e¢ cient than e0 if
QN
i=1 ei �

QN 0

i=1 e
0
i and

�[e] � �[e0] for all cost functions � with increasing marginal costs, and is more e¢ cient than

e0 if (i) �[e] < �[e0] for all � with strictly increasing marginal costs, and (ii)
QN
i=1 ei >

QN 0

i=1 e
0
i.
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The vector e is coarser than e0 if, for some domain X, there exist C and C0 such that e is the
discrimination vector of C, e0 is the discrimination vector of C0, and C is coarser than C0. We will
follow the convention that, for any N -vector of integers e, coordinate labels are chosen so that ei

increases in i: ei � ei�1 for i = 2; :::; N .

Lemma 1 Let e (resp. e+) be a vector of positive integers with N (resp. N+) coordinates.

If e is coarser than e+ and
PN+

i=1 e
+�
i =

PN
i=1 e

�
i then, for all integers 1 � x � min[N;N+],PN+

i=N+�x+1 e
+
i �

PN
i=N�x+1 ei and, for some integer 1 � x � min[N;N+],

PN+

i=N+�x+1 e
+
i >PN

i=N�x+1 ei.

Proof. Suppose to the contrary that there is a smallest integer 1 � x � min[N;N+] such thatPN+

i=N+�x+1 e
+
i <

PN
i=N�x+1 ei. Since x is smallest, eN�x+1 > e

+
N+�x+1. Since

PN+

i=N+�x+1 e
+
i =PN

i=N�x+1 ei and both are sums of x numbers,
PN+

i=N+�x+1 e
+�
i <

PN
i=N�x+1 e

�
i . Since

PN+

i=1 e
+�
i �PN

i=1 e
�
i ,

PN+

i=N+�x+1 e
+�
iPN+

i=1 e
+�
i

<
PN
i=N�x+1 e

�
iPN+

i=1 e
�
i

. Hence
PN�x
i=1 e�iPN
i=1 e

�
i

<
PN+�x
i=1 e+�iPN+

i=1 e
+�
i

. Since e�N�x+1 > e
+�
N+�x+1,P

fi:e�i�e
+�
N+�x+1g

e�iPN
i=1 e

�
i

�
PN�x
i=1 e�iPN
i=1 e

�
i

<

PN+�x
i=1 e+�iPN+

i=1 e
+�
i

<

P
fi:e+�i �e+�

N+�x+1g
e+�iPN+

i=1 e
+�
i

,

contradicting the fact that e is coarser than e+.

For the �nal claim note that if, for all integers 1 � x � min[N;N+],
PN+

i=N+�x+1 e
+
i �PN

i=N�x+1 ei then, since
PN+

i=1 e
+�
i =

PN
i=1 e

�
i , we would have e

+ = e which implies that e could

not be coarser than e+. �

Lemma 2 Given the vector of positive integers e = (e1; :::; eN ), let ee = (ee1; :::; eeN ) be de�ned byeei = ei � 1, eej = ej + 1, and eek = ek for k 6= i; j. If ei � ej + 2 then QN
k=1 eek >QN

k=1 ek.

Proof. Since ei � ej+2 implies ei�ej�1 > 0 (and with the convention
Q
l2I el = 1 when I = ?),

NY
l=1

eel =
0@Y
l 6=i;j

el

1A (ei � 1)(ej + 1) =
0@ NY
l=1

el

1A+
0@Y
l 6=i;j

el

1A (ei � ej � 1) > NY
l=1

el. �

Lemma 3 Let the vector of positive integers e (resp. e0) have N (resp. N 0) coordinates. IfPN 0

i=N 0�x+1 e
0
i �

PN
i=N�x+1 ei for all integers x 2 f1; :::;min[N;N 0]g and

PN 0

i=1 e
0�
i =

PN
i=1 e

�
i , then

there exists a vector of positive integers be with N 0 coordinates such that
PN 0

i=1 be�i = PN 0

i=1 e
0�
i ,beN 0�i+1 � eN�i+1 for i 2 f1; :::;min[N;N 0]g, and be is weakly more e¢ cient than e0.

Proof. To proceed by induction, set e1 = e0. Given some k 2 f1; :::;min[N;N 0]� 1g, suppose (1)PN 0

i=1 e
k�
i =

PN
i=1 e

�
i , (2) e

k
N 0�i+1 � eN�i+1 for i = 1; :::; k, (3)

PN 0

i=N 0�x+1 e
k
i �

PN
i=N�x+1 ei for all

x 2 f1; :::;min[N;N 0]g, and (4) ek is weakly more e¢ cient than e0. These properties obtain for

k = 1.
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If ekN 0�k � eN�k then set ek+1 = ek. If ekN 0�k < eN�k, letm denote the smallest positive integer

such that (i)
PN 0�k+m�1
i=N 0�k eki <

PN�k+m�1
i=N�k ei and (ii)

PN 0�k+m
i=N 0�k e

k
i �

PN�k+m
i=N�k ei. There must be

such a m since we can set m = k and x = k+1. Then set (A) ek+1N 0�i = eN�i for i = k�m+1; :::; k,
(B) ek+1N 0�k+m =

PN 0�k+m
i=N 0�k e

k
i �
PN�k+m�1
i=N�k ei (or equivalently ek+1N 0�k+m = eN�k+m+

PN 0�k+m
i=N 0�k e

k
i �PN�k+m

i=N�k ei), and (C) e
k+1
i = eki for i = 1; :::; N

0 � k � 1 and i = N 0 � k +m + 1; :::; N 0. In both

cases, ek+1 is a N 0-vector.

To conclude the induction, we show that properties (1) - (4) are satis�ed for k+1. When ekN 0�k �
eN�k and therefore ek+1 = ek, this is immediate. So assume ekN 0�k < eN�k. Property 1. Summing

(A) and (B) yields
PN 0�k+m
i=N 0�k e

k+1
i =

PN�k+m
i=N�k ei +

PN 0�k+m
i=N 0�k e

k
i �

PN�k+m
i=N�k ei =

PN 0�k+m
i=N 0�k e

k
i .

Given (C),
PN 0�k�1
i=1 ek+1i =

PN 0�k�1
i=1 eki and

PN 0

i=N 0�k+m+1 e
k+1
i =

PN 0

i=N 0�k+m+1 e
k
i . Therefore

we have
N 0X
i=1

ek+1i =

N 0X
i=1

eki (I)

and hence, due to (1),
PN 0

i=1 e
(k+1)�
i =

PN
i=1 e

�
i . Property 2. We have ek+1N 0�i+1 � eN�i+1 for

i = k�m+2; :::; k+1 by (A), for i = k�m+1 by (ii) and (B), and for i = 1; :::; k�m by (2) and

(C). Property 3. Due to (C) and (3), we have

N 0X
i=N 0�x+1

ek+1i �
NX

i=N�x+1
ei (II)

for x = 1; :::; k � m. Due to (B) and (ii), ek+1N 0�k+m � eN�k+m. So, given that II holds for

x = 1; :::; k � m, II holds for x = k � m + 1. Similarly, due to (A) and given that II holds for

x = 1; :::; k�m+1, II holds for x = k�m+2; :::; k+1. Finally, due to (C) and I,
PN 0

i=j e
k+1
i =

PN 0

i=j e
k
i

holds for j = 1; :::; N 0� k� 1. Hence
PN 0

i=N 0�x+1 e
k+1
i =

PN 0

i=N 0�x+1 e
k
i for x > k+1 and therefore

(3) implies that II holds for x > k + 1.

Property 4. We build recursively a sequence he(j)i of (m+1)-vectors, each with the coordinate
labels N 0 � k; :::; N 0 � k + m , and beginning with e(0) = (ekN 0�k; :::; e

k
N 0�k+m). If eN 0�k(j) <

eN 0�k and there exists a coordinate l 2 fN 0 � k + 1; :::; N 0 � k + mg with el(j) > ek+1l then set

eN 0�k(j +1) = eN 0�k(j) + 1, el(j +1) = el(j)� 1, and er(j +1) = er(j) for all other coordinates r.
Otherwise the sequence terminates with e(j). By substituting (A) and (B) into the identity

eN 0�k � ekN 0�k =
N 0�k+m�1X
i=N 0�k+1

eki �
N 0�k+m�1X
i=N 0�k+1

ei + e
k
N 0�k+m �

 
eN 0�k+m +

N 0�k+mX
i=N 0�k

eki �
N 0�k+mX
i=N 0�k

ei

!
,

we get

ek+1N 0�k � e
k
N 0�k =

 
N 0�k+m�1X
i=N 0�k+1

eki �
N 0�k+m�1X
i=N 0�k+1

ek+1i

!
+ ekN 0�k+m � ek+1N 0�k+m. (III)
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Given our assumption that eN 0�k > e
k
N 0�k and (A), e

k+1
N 0�k > e

k
N 0�k. Due to (2) and (A), e

k+1
i � eki

for i = N 0�k+1; :::; N 0�k+m� 1. Combining (A) and (B) gives
PN 0�k+m
i=N 0�k e

k
i =

PN 0�k+m
i=N 0�k e

k+1
i

while combining (A) and (i) gives
PN 0�k+m�1
i=N 0�k eki <

PN 0�k+m�1
i=N 0�k ek+1i . Hence ek+1N 0�k+m < e

k
N 0�k+m.

Condition III therefore implies that, for some positive integer t, e(t) = (ek+1N 0�k; :::; e
k+1
N 0�k+m) (at

which point he(j)i terminates).
For j = 0; :::; t � 1, eN 0�k(j) < eN 0�k and, using (2), el(j) > e

k+1
l � el. Since eN 0�k � el, we

have el(j) � eN 0�k+2. By weakly increasing marginal costs, �[e(j+1)] � �[e(j)] for j = 0; :::; t�1
and therefore �[ek+1] � �[ek].

Applying Lemma 2, 
N 0�k�1Y
l=1

ekl

! 
N 0Y

l=N 0�k+m+1
ekl

! 
N 0�k+mY
l=N 0�k

el(j + 1)

!
>

 
N 0�k�1Y
l=1

ekl

! 
N 0Y

l=N 0�k+m+1
ekl

! 
N 0�k+mY
l=N 0�k

el(j)

!

for j = 0; :::; t � 1. Hence
QN 0

l=1 e
k+1
l >

QN 0

l=1 e
k
l . Therefore ek+1 is weakly more e¢ cient than ek

and hence weakly more e¢ cient than e0, concluding the argument for Property 4.

With the induction complete, we conclude by setting be = emin[N;N 0]. �

Lemma 4 If for the N -vector e and the bN -vector be (i) each ei and bei is an integer greater than
1, (ii) N > bN , (iii) be bN�i+1 � eN�i+1 for i = 1; :::; bN , and (iv) P bN

i=1 be�i = PN
i=1 e

�
i , then e is more

e¢ cient than be.
Proof. De�ne ee = (1; :::; 1; be1; :::; be bN ), where the number of 1�s equals N � bN . Note thatPN
i=1 ee�i = P bN

i=1 be�i = PN
i=1 e

�
i and eeN�i+1 � eN�i+1 for i = 1; :::; bN . We can therefore build a

sequence ofN -vectors he(j)i with e(1) = ee and terminal vector e(t) = e such that, for j = 1; :::; t�1,
ek(j + 1) = ek(j) + 1 � ek for some k = 1; :::; N � bN , ek0(j + 1) = ek0(j) � 1 � ek0 for some

k0 = N � bN + 1; :::; N , and el(j + 1) = el(j) for l 2 f1; :::; Ngnfk; k0g. Suppose � has strictly

increasing marginal costs. Then, since

ek(j) < ek(j + 1) � ek � ek0 � ek0(j + 1) < ek0(j),

ek0(j) > ek(j) + 1 and therefore �[e(j + 1)] < �[e(j)]. Due in addition to Lemma 2, e(j + 1) is

more e¢ cient than e(j). Due to (ii), t � 2. Since the �nal bN coordinates of ee equal the vectorbe and the remaining coordinates equal 1, e(1) is weakly more e¢ cient than be. Hence e is more

e¢ cient than be. �
Proof of Theorem 4. Without loss of generality, we may assume that the discrimination vector

e of C and e0 of C0 contain only integers greater than 1. Due to Lemma 1,
PN 0

i=N 0�x+1 e
0
i �
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PN
i=N�x+1 ei for all x 2 f1; :::;min[N;N 0]g and therefore, by Lemma 3, there exists a vector of

positive integers be with N 0 coordinates such that
PN 0

i=1(bei � 1) =PN 0

i=1(e
0
i � 1), beN 0�i+1 � eN�i+1

for i = 1; :::;min[N;N 0], and be is weakly more e¢ cient than e.
Suppose that N 0 > N . Then, since beN 0�i+1 � eN�i+1 for i = 1; :::;min[N;N 0] and since each

e0i > 1,
PN 0

i=1(bei�1) >PN
i=1(ei�1). Since

PN 0

i=1(bei�1) =PN 0

i=1(e
0
i�1),

PN 0

i=1(e
0
i�1) >

PN
i=1(ei�1),

which contradicts
PN 0

i=1(e
0
i � 1) =

PN
i=1(ei � 1).

Suppose that N 0 = N . Since e is coarser than e0, e 6= e0. Since
PN 0

i=N 0�x+1 e
0
i =

PN
i=N�x+1 ei

for all x 2 f1; :::; Ng implies e = e0, Lemma 1 implies there is a bx 2 f1; :::; Ng such thatPN 0

i=N 0�bx+1 e0i >PN
i=N�bx+1 ei.

Next we show that for all y 2 f1; :::; Ng,
Py
i=1 e

0
i �

Py
i=1 ei. If to the contrary there is a

minimal y 2 f1; :::; Ng such that
Py
i=1 e

0
i <

Py
i=1 ei then

Py�1
i=1 e

0
i �

Py�1
i=1 ei and e

0
y < ey. HenceP

fi:e�i�e0�y g
e�iPN

i=1 e
�
i

�
Py�1
i=1 e

�
iPN

i=1 e
�
i

�
Py�1
i=1 e

0�
iPN 0

i=1 e
0�
i

<

P
fi:e0�i �e0�y g

e0�iPN 0
i=1 e

0�
i

,

contradicting e being coarser than e0.

Using this fact, we conclude that
Pbx
i=1 e

0
i �

Pbx
i=1 ei, which when combined with

PN 0

i=N 0�bx+1 e0i >PN
i=N�bx+1 ei, yields PN 0

i=1 e
0
i >

PN
i=1 ei. But since N = N 0 implies

PN 0

i=1 e
0
i =

PN
i=1 ei, we have a

contradiction.

We conclude that N > N 0. Apply Lemma 4 to conclude that e is more e¢ cient than be and
hence more e¢ cient than e0.

Let c use C and maximally discriminate (the proof of Proposition 1 shows such a c exists) and
let c0 use C0. Proposition 1 implies n(c) = min

hQN
i=1 ei; jXj

i
and n(c0) � min

hQN 0

i=1 e
0
i; jXj

i
.

Given that e is more e¢ cient than e0,
QN
i=1 ei >

QN 0

i=1 e
0
i and therefore min

hQN
i=1 ei; jXj

i
�

min
hQN 0

i=1 e
0
i; jXj

i
. Hence n(c) � n(c0).

Since C and C0 form a tight comparison, either min
hQN

i=1 ei;
QN
i=1 e

0
i

i
< jXj or marginal costs

are strictly increasing. In the �rst case, the fact that
QN 0

i=1 e
0
i <

QN
i=1 ei implies

n(c0) � min
hQN

i=1 e
0
i; jXj

i
=
QN
i=1 e

0
i < min

hQN
i=1 ei; jXj

i
= n(c).

Regarding costs, since e is more e¢ cient than e0, �[e] < �[e0] for all � with strictly increasing

marginal costs. If � fails to have strictly increasing marginal costs then there is a sequence hb�ni
where each b�n has strictly increasing marginal costs and (b�n(1); :::; b�n(N)) ! (�(1); :::; �(N)).

Hence �[e] � �[e0] in all cases and so (C; c) is more e¢ cient than (C0; c0). Alternatively, suppose

marginal costs are strictly increasing. Then, since e is more e¢ cient than e0, �[e] < �[e0] and,

since n(c) � n(c0), (C; c) is again more e¢ cient than (C0; c0). �
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Proof of Theorem 5. Let xR y mean x 2 c(fx; yg). R is complete. We show that if criteria

are binary then R is transitive.

Suppose xR y R z and, for any B � fx; y; zg, let C(B) denote the set of criteria Ci such that
B is contained in the top Ci-category and fx; y; zgnB is contained in the bottom Ci-category.21

Since criteria are binary, if a criterion Ci does not place x, y, and z in the same Ci-category then

Ci must be an element of one of the following six sets: C(fxg), C(fx; zg), C(fyg), C(fx; yg), C(fzg),
and C(fy; zg). Therefore

Uxy = C(fxg) [ C(fx; zg); Uyx = C(fyg) [ C(fy; zg);

Uyz = C(fyg) [ C(fx; yg); U zy = C(fzg) [ C(fx; zg);

Uxz = C(fxg) [ C(fx; yg); U zx = C(fzg) [ C(fy; zg):

Since xR y R z, the union assumption implies

(C(fxg) [ C(fx; zg) [ C(fyg) [ C(fx; yg))D C(fyg) [ C(fy; zg) [ C(fzg) [ C(fx; zg).

So, by the subtraction assumption, (C(fxg) [ C(fx; yg))D (C(fy; zg) [ C(fzg)) and hence Ux;zDU z;x.
Therefore xR z.

Since R is complete and transitive and any A 2 F is �nite, the set M(A) = fx 2 A : xR y for
all y 2 Ag is nonempty. By the Condorcet rule, M(A) = c(A). �
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